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In this paper, we are concerned with the oscillation problem of a class of second-order half-linear neutral delay differential equations where $\documentclass[12pt]{minimal}
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By a solution of (*E*) we mean a nontrivial real-valued function $\documentclass[12pt]{minimal}
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The oscillation theory of differential equations with deviating arguments was initiated in a pioneering paper \[[@CR2]\] of Fite, which appeared in the first quarter of the twentieth century. Since then, there has been much research activity concerning the oscillation of solutions of various classes of differential and functional differential equations. The interest in this subject has been reflected by extensive references in monographs \[[@CR3]--[@CR7]\]. We also refer the reader to the papers \[[@CR8]--[@CR10]\] and the references cited therein regarding similar discrete analogues of (*E*) and its particular cases and modifications.

A neutral delay differential equation is a differential equation in which the highest order derivative of the unknown function appears both with and without delay. During the last three decades, oscillation of neutral differential equations has become an important area of research; see, e.g., \[[@CR11]--[@CR27]\]. This is due to the fact that such equations arise from a variety of applications including population dynamics, automatic control, mixing liquids, and vibrating masses attached to an elastic bar; see Hale \[[@CR28]\]. Especially, second-order neutral delay differential equations are of great interest in biology in explaining self-balancing of the human body and in robotics in constructing biped robots \[[@CR29]\].

One of the traditional tools in the study of oscillation of equations which are special cases of (*E*) has been based on a reduction of order and the comparison with oscillation of first-order delay differential equations. In particular, Koplatadze in 1986 \[[@CR30]\] and Wei in 1988 \[[@CR31]\] proved that the second-order delay differential equation $$\documentclass[12pt]{minimal}
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Another widely used technique, applicable also in the above-mentioned case, involves the Riccati type transformation which has been used to reduce equation (*E*) to a first-order Riccati inequality. In 2006, Sun and Meng \[[@CR36]\] improved the oscillation result of Džurina and Stavroulakis \[[@CR37]\] by employing the Riccati transformation $$\documentclass[12pt]{minimal}
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The objective of this paper is to establish new oscillation results for (*E*), which would improve the above-mentioned ones. The paper is organized as follows. First, motivated by \[[@CR35]\], we generalize conditions ($\documentclass[12pt]{minimal}
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In what follows, all occurring functional inequalities are assumed to hold eventually, that is, they are satisfied for all *t* large enough. As usual and without loss of generality, we can deal only with eventually positive solutions of (*E*).

Preliminaries {#Sec2}
=============

For the sake of brevity and clarity, we let $$\documentclass[12pt]{minimal}
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To prove our oscillation criteria, we need the following auxiliary results.

Lemma 1 {#FPar1}
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(see \[[@CR12], Lemma 3\])

*Let condition* ([1](#Equ1){ref-type=""}) *hold and assume that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x(t)$\end{document}$ *is a positive solution of* (*E*) *on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[t_{0},\infty)$\end{document}$. *Then there exists a* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t_{1}\ge t_{0}$\end{document}$ *such that*, *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\ge t_{1}$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ z(t)>0,\qquad z'(t)>0, \qquad \bigl(r(t) \bigl(z'(t) \bigr)^{\alpha}\bigr)'\le0. $$\end{document}$$

Lemma 2 {#FPar2}
-------

(see \[[@CR27], Lemma 2.3\])
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Main results {#Sec3}
============

Now, we state and prove our first oscillation result, which extends \[[@CR35], Theorem 3\] obtained for the linear delay differential equation ([2](#Equ2){ref-type=""}) to the half-linear neutral delay differential equation (*E*).

Theorem 3 {#FPar3}
---------
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Proof {#FPar4}
-----
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Corollary 1 {#FPar5}
-----------
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Remark 1 {#FPar6}
--------
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Example 1 {#FPar7}
---------
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Lemma 4 {#FPar8}
-------
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-----
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In what follows, we employ the Riccati substitution technique to obtain new oscillation criteria for (*E*), which are especially effective in the case when Theorem [3](#FPar3){ref-type="sec"} fails to apply.

Theorem 5 {#FPar10}
---------
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Proof {#FPar11}
-----
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Remark 2 {#FPar12}
--------

Theorem [5](#FPar10){ref-type="sec"} is new because of the constant $\documentclass[12pt]{minimal}
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Corollary 2 {#FPar13}
-----------
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Example 2 {#FPar14}
---------
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The following theorem serves as an alternative to Theorem [5](#FPar10){ref-type="sec"}.

Theorem 6 {#FPar15}
---------
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Proof {#FPar16}
-----
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Conclusions {#Sec4}
===========

In the present paper, we have studied the oscillatory behavior of the second-order half-linear neutral delay differential equation (*E*). As it has been illustrated through several examples, the results obtained improve a large number of the existing ones. Our technique lies in establishing some sharper estimates relating a nonoscillatory solution with its derivatives in the case when criteria analogous to ($\documentclass[12pt]{minimal}
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The results presented in this paper strongly depend on the properties of first-order delay differential equations. An interesting problem for further research is to establish different iterative techniques for testing oscillations in (*E*) independently on the constant $\documentclass[12pt]{minimal}
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